Entanglement distillation is an indispensable ingredient in extended quantum communication networks. Distillation protocols are necessarily non-deterministic and require non-trivial experimental techniques such as noiseless amplification. We show that noiseless amplification could be achieved by performing a post-selective filtering of measurement outcomes. We termed this protocol measurement-based noiseless linear amplification (MBNLA). We apply this protocol to entanglement that suffers transmission loss of up to the equivalent of 100km of optical fibre and show that it is capable of distilling entanglement to a level stronger than that achievable by transmitting a maximally entangled state through the same channel. We also provide a proof-of-principle demonstration of secret key extraction from an otherwise insecure regime via MBNLA. Compared to its physical counterpart, MBNLA not only is easier in term of implementation, but also allows one to achieve near optimal probability of success.
INTRODUCTION
A fundamental feature of the quantum world is that quantum states cannot be cloned.
1 This no-cloning theorem lies at the heart of quantum mechanics and is a direct consequence of the Heisenberg's uncertainty relation.
2
While this feature is pivotal to applications such as quantum key distribution (QKD) and quantum random number generation, 3, 4 it is also a vital limitation to metrology, 5 as it leads to the inevitable addition of noise in signal amplification. 6, 7 This last constraint implies that even a deterministic ideal quantum amplifier cannot be used for entanglement distillation.
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To overcome this obstacle, probabilistic noiseless linear amplification (NLA) has been identified as an alternative of distilling Gaussian entanglement. [11] [12] [13] By adopting a probabilistic approach, the protocol circumvents the constraint set by the Heisenberg's uncertainty relation. This NLA has been the subject of considerable theoretical 11, [14] [15] [16] and experimental [17] [18] [19] [20] [21] [22] [23] explorations. However, most of these experiments are both challenging and are sub-optimal in term of the success probability.
16, 24
If one does not require access to an output quantum state that is an amplified version of the input state, which is the case for point-to-point QKD, technical complexities can be alleviated. Refs. 25, 26 proposed the possibility of implementing a non-deterministic measurement-based NLA (MBNLA) that allows one to transfer the difficulty of hardware implementation to an algorithmic based protocol. Here, we review our recent work on the implementation of MBNLA in Ref. 27 . In Sec. 2 and 3, we briefly discuss noiseless linear amplification and introduce the MBNLA. In Sec. 4 and 5, we illustrate the application of MBNLA with two quantum communication applications, namely entanglement distillation and QKD. Finally we close with a summary and comment on other potential applications of our measurement-based technique.
NOISELESS LINEAR AMPLIFICATION
Noiseless amplification is usually defined as the ability to increase the amplitude of an arbitrary coherent state without adding any noise, i.e.
with amplification gain g > 1. By considering the annihilation and creation operators describing a boson mode it becomes obvious that such transformation does not preserve the canonical commutation relations [â,â † ] = 1.
6
The prohibition of the deterministic noiseless amplification can also be illustrated by the no-cloning theorem.
1
For example, if one is allowed to deterministically amplify an unknown coherent state, a perfect clone could be obtained simply by tuning their noiseless amplifier to a gain of g = √ 2, and then splitting the output on a 50:50 beamsplitter:
Hence for an ideal quantum limited amplifier, additional noise is unavoidably demanded by the laws of quantum mechanics. Alternatively, one can forgo determinism in favor of a probabilistic transformation,
in which amplification succeeds with probability P , and fails otherwise. If the success is heralded, one can then enjoy the benefits of noiseless amplification at least for some of the time. 24 As discussed in Refs. 11, 15, this transformation is carried out by the operator gn, wheren =â †â is the number operator. In the amplification regime (g > 1), the operation gn is unbounded, and as such could only be implemented exactly with a success probability equal to zero. However, for any particular input state and gain, one can always devise an approximation of gn that lies within a suitably truncated Hilbert space and amplifies with a fidelity that is nearly indistinguishable from a perfect NLA.
16, 29

MEASUREMENT-BASED NOISELESS LINEAR AMPLIFIER
Refs. 25,26 have shown that a non-deterministic amplification can be achieved by suitable post-processing of the measurement results. This post-selection scheme, which we termed as measurement-based NLA (MBNLA), was demonstrated experimentally in Ref. 27 . It was shown that as long as the desired operation immediately precedes the measurement of the target mode, measurement-based approach for noiseless amplification is indistinguishable from its physical counterpart (see Fig. 1 ). To perform an arbitrary operation via the measurement-based approach, the sufficient condition is that the post-selection must be done on informationally complete (IC) measurement. 27 In MBNLA, first the original state is measured using heterodyne detection, followed by post-selection of the sub-ensemble according to a filter function defined by the desired NLA gain.
The exact filter function for the NLA operator gn can be derived by considering the coherent state projection, or the Q-function, of an arbitrary input state Q ρ (α) = α|ρ |α / π. Invoking the definition of an NLA operating on a coherent state,
we can write down the Q-function of the amplified state ρ , where β = gα. With this equation, we can determine the probabilistic filter and rescaling required to emulate the output of a heterodyne measurement applied to an input state with noiseless amplification of gain g. Clearly for g > 1, the filter defined above is an unrealistic weighting probability as it is always greater than 1. Thus, a cut-off is necessary to renormalise the output, making the implementation an approximation to the ideal operation. Nevertheless, the approximation can be made arbitrarily close to perfect while retaining a finite success probability.
The operation gn can be emulated to arbitrary precision by truncating the post-selection filter with an appropriate cut-off amplitude, α C . This gives rise to a modified post-selection filter
where α = (x + ip)/ √ 2 is the measured heterodyne outcome for quadrature x and p. Several precautions need to be taken into account with the choice of α C to ensure that the truncated approximation emulates gn faithfully. Previously, Fiurasek and Cerf 25 suggested that α C can be tuned with respect to the largest measurement outcome. This approach, however, scales poorly with increasing ensemble size. 25 A balance between emulation of gn and the success probability can be attained by implementing an α C sufficiently large that the purity 30 of the postselected state decreases consistently with an ideal implementation of gn. However, there are some subtleties that arise in implementation of the 'truncation'. 27, 31 For example, a 'prematurely truncated' post-selection filter can distort the noise floor the post-selected state. Also, the size of the ensemble usually sets the practical limit on the maximum gain applicable, even though the energy of the input state defines a theoretical maximum gain of the amplifier. 13 It would be interesting to study this interplay between the input state and the MBNLA parameters (probability of success P , gn and α C ) in light of its physical counter-part. 
ENTANGLEMENT DISTILLATION
Consider the two-mode squeezed state (or EPR state) written in the number basis as
where χ ∈ {0, 1} characterises the entanglement. The application of the amplifier on one mode, when successful, results in the state,
a. The resulting measurement histograms, and (c) the final normalised probability distributions. The gain, g, is increased by selecting a filter function with lower acceptance probability.
Provided g > 1, the entanglement of the two-mode squeezed state is probabilistically increased. For a given Gaussian input state of variance, V, there is a theoretical upper bound on the maximum gain that can be applied, 29 given by g max = (V + 1)/(V − 1) * . For any pure two-mode squeezed input state g max corresponds to the gain needed to distill to an 'infinitely squeezed' two-mode squeezed state -a perfect EPR state.
We now consider that one arm of a Gaussian two-mode squeezed state has been distributed through a lossy channel with loss η (Figure 1(a) ). The application of the NLA on the degraded arm results in an output with a greater degree of initial entanglement that appears to have suffered less loss. 11 The amplified state has an effective entanglement,
and an effective loss, Figure 1 illustrates the equivalence between the physical and measurement based implementation in distilling entanglement. We stress that such equivalence is only valid for the scenarios where amplification is directly proceeded by measurement.
The experimental setup for MBNLA implementation in Ref. 27 is detailed in Figure 3 . A two-mode EPR resource is experimentally prepared by interfering two identical amplitude squeezed-states on a 50:50 beam splitter. The procedure for implementing the measurement-based implementation of gn is as follows: We experimentally prepared two mode squeezed state which we identify as Alice (mode A) and Bob (mode B). Bob performs a heterodyne detection of his mode, obtaining two outcomes x i and p i . He then keeps or rejects his measurement outcome, α i , with a probability specified by Equation (6) . α C was chosen to be sufficiently big to accommodate the largest gain applied. Here, an ensemble size of 8 × 10 7 and a cut-off of 4.5 standard deviations of Bob's measured state were used, to balance the post-selection rate while preserving fidelity with the ideal gn operation † .
(MB)NLA is employed to combat the effect of loss in a quantum network. Here we examine the performance of the MBNLA from the moderate loss to the high loss regimes. Figure 4 (a) and (b) plot the EPR criterion as a function of post-selection probability for a series of channel transmissions for direct (E B A ) and reverse (E A B ) inference, respectively. For 25% loss on Bob's channel, post-selection allows one to fully compensate for any loss incurred by the quantum state and demonstrate a final EPR correlation that is larger than the original state. We note that EPR correlations will not survive a passive loss channel of 3 dB (50%) even with a maximally entangled input state to start with. In contrast, MBNLA allows Bob to recover an EPR criterion < 1 from 3 dB of loss using an initial state that has a (non-violating) EPR value of E B A ≈ 1.3. * For squeezed states, this gmax bound corresponds to amplifying the anti-squeezed variance to infinity, and the squeezed variance to zero † One could potentially improve the post-selection rates by considering a gain dependence in the choice of αC . EPR criterion EPR criterion Figure 4 . Effect of EPR entanglement distillation as a function of probability of success for different losses (0%, 25% and 50%) for both (a) direct and (b) reverse reconciliation.
To simulate long distance communication, we operate the MBNLA at higher losses. In Figure 5 we plot the inseparability criterion of the two-mode EPR state as a function of the channel transmission from 15% to 0%. We consider distillation using the MBNLA with the maximum loss of 99% equivalent to 100km of optical fibre (assuming a loss of 0.2 dB/km). The boundary of the shaded area describes the theoretical inseparability of a perfect EPR state in the limit of infinite squeezing, subject to the same channel transmissivity. We find that MBNLA allows access to final EPR correlation beyond that accessible with even a perfect initial EPR resource. Channel transmission Inseparability criterion g Figure 5 . Improvement in the inseparability criterion of the two-mode EPR state for a series of lossy channels. For each transmissivity, a series of post-selection corresponding to an NLA gain from g = 1 to 1.6 are applied. The boundary of the shaded area describes the theoretical inseparability of a perfect EPR state subjected to the same channel transmissivity. Post-selection allows access to an entangled resource beyond that accessible with even perfect initial resource.
ENTANGLEMENT-BASED QUANTUM KEY DISTRIBUTION
NLA gain, g Figure 6 . Application of MBNLA to extract positive key rate from otherwise insecure regime in CV-QKD system. Secret key rate is plotted as a function of the gain for a direct reconciliation CV-QKD protocol where both parties use heterodyne detections. No loss is introduced between Alice and Bob due to high excess noise present in the system. The application of the MBNLA allows the recovery of secure key distribution from an initially insecure situation. The dashed line represents the theoretical key rate given the initial state. Error bars and the blue shaded region represent the experimental and theoretical 1σ statistical confidence interval for our initial sample of 8.3 × 10 7 points, respectively. A larger sample size of 10 9 and 10 10 would reduce our 1σ confidence interval to the beige and red shaded areas, respectively.
We now consider the application of MBNLA on the continuous variable (CV) GG02 QKD protocol. 33 The works of Ref. 25 and Ref. 26 provide security proofs for CV-QKD protocols using Gaussian post-selection for arbitrary attacks in the asymptotic limit. These two results emerged from two previous results: firstly, under collective attacks ‡ the key rate is minimised by assuming the final state is Gaussian, 34, 35 and secondly, collective attacks are optimal in the asymptotic limit. 36 Moreover both conditions hold even if the CV-QKD protocol is not perfectly Gaussian (noting the post-selection procedure could introduce some non-Gaussianity). The level of analysis used here is the same as that employed in several CV-QKD experiments, 37, 38 including the only previous demonstration of CV-QKD using entangled states, 39 but does not comprise all of the finite-size effects, 40 reconciliation and privacy amplification processes of a state of the art CV-QKD demonstration such as Ref. 41 . Nevertheless it is sufficient to demonstrate the benefit of the MBNLA for key distribution.
The secret key rate for this protocol using direct reconciliation § is given by, 34, 35 K = βI(A : B) − S(A : E). Where I(A : B) is the classical mutual information between quadrature measurements made by Alice and Bob, S(A : E) is the Holevo quantity between Eve and Alice and β ∈ [0, 1] is the reconciliation protocol efficiency. Here we choose an optimistic value of β = .98, consistent with Ref. 39 . Given that the post-selected measurements are still very Gaussian, Alice, Bob and Eve's von Neumann entropy can be calculated straightforwardly from the symplectic eigenvalues of Alice and Bob's covariance matrix. 42 Our measured covariance matrices are interpreted as coming from a pure EPR source that has been transmitted through a lossy channel with thermal noise. Thus giving Eve access to all of the losses. The effective channel has a relatively low loss but high additional noise. In this situation it is optimal to use direct reconciliation with heterodyne detection on both Alice and Bob's side. Figure 6 plots the secret key rate as a function of the post-selection rate. Although we begin in an insecure regime, application of an NLA of sufficiently high gain allows us to extract a secure key. As noted in Refs. 26, 43 the NLA acts to improve the transmission of the effective channel while actually increasing the noise, but in such a way as to create an information advantage between Alice and Bob. As explained in Ref. 13 this can be seen as the amplifier distilling both the Alice-Eve and the Alice-Bob entanglement. Figure 6 only considers the effect on the key rate of the post-selected ensemble. When considering the overall key rate, the maximum gain is unlikely to be the optimal gain; rather, the optimal gain recovers a secure key while balancing post-selection rates.
SUMMARY AND FUTURE APPLICATIONS
We have shown that our MBNLA is equivalent to its physical counterpart for entanglement distillation protocol when considering the situation where the amplification directly precedes the measurement. This equivalence allows us to extend this technique to CV-QKD, where the potential benefits have been explored in Refs. 25, 26, 43 . Such interchangeability with measurement-based implementation is also of great practical advantage because it avoids the complications arise from physical implementation, such as restriction to small input states due to inefficiencies of source and measurements. 11, 17, 18, 22 Without the need of reconfiguration, this implementation is also capable of achieving near optimal success probability, limited only by the sample size. For the application of MBNLA on entanglement distillation, we have shown that not only EPR correlation of a lossy entangled state could be restored, in extremely high loss regime, post-selection even allows one to outperform a perfect initial EPR state.
Our work has opened up many promising candidates for future applications. Apart from the previously discussed applications in CV-QKD, the NLA could potentially be deployed in other quantum communication protocols, including remote state preparation and quantum teleportation. Although a deterministic phaseinsensitive amplifier 44 inevitably incurs noise to its output, one can get the best of both worlds by considering the possibility of a hybrid system to perform operations such as enhancement of the signal-to-noise ratio and universal cloning.
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